Prevalence of the sling effect for enhancing collision rates in
  turbulent suspensions by Voßkuhle, Michel et al.
ar
X
iv
:1
30
7.
68
53
v1
  [
ph
ys
ics
.fl
u-
dy
n]
  2
5 J
ul 
20
13
Prevalence of the sling effect for enhancing collision rates in turbulent suspensions
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Turbulence facilitates collisions between particles suspended in a turbulent flow. Two effects
have been proposed which can enhance the collision rate at high turbulence intensities: ‘preferential
concentration’ (a clustering phenomenon) and the ‘sling effect’ (arising from the formation of caustic
folds in the phase-space of the suspended particles). We have determined numerically the collision
rate of small heavy particles as a function of their size and densities. The dependence on particle
densities reveals that the enhancement by turbulence of the collision rate of particles with significant
inertia is due almost entirely to the sling effect.
PACS numbers: 47.27.-i, 05.40.-a, 45.50.Tn, 92.60.Mt
Understanding the rate of collisions between small par-
ticles, suspended in a turbulent fluid, is necessary for de-
scribing a variety of important physical processes. In the
case of clouds, collisions between droplets may determine
the onset of rainfall [1]. Models for planet formation in-
volve aggregation through collisions of dust grains in the
circumstellar disc [2]. Last, collisions between suspended
particles may be an important contribution to dissipation
of energy in some particle laden flows [3]. It is, therefore,
of considerable importance to quantify collisions between
particles suspended in a turbulent gas.
The topic of collisions of particles suspended in a tur-
bulent flow has a long history, starting from the semi-
nal work by Saffman and Turner, who were interested in
understanding rain initiation in turbulent clouds [4]. Im-
portant theoretical insights have emerged in recent years,
which indicate that the results of [4] lead to an under-
prediction of the collision rate when the turbulence in-
tensity is high, as a result of two different mechanisms.
First, it has been shown that particles can cluster due
to an effect termed ‘preferential concentration’, which is
ascribed to (heavy) particles being expelled from vortices
by a centrifugal effect [5] (other interpretations are con-
sidered in [6]). This clustering effect can enhance the
collision rate. Second, it has been recognized that par-
ticles with inertia, which do not exactly follow the fluid
motion, can both be arbitrarily close, and yet have very
different velocities. This effect induces collisions which
may be thought as resulting from particles being ‘slung’
by vortices [7]. This phenomenon can also be understood
in terms of caustics in the phase-space of the suspended
particles [8, 9]. When the turbulence intensity is suffi-
ciently high, a gas-kinetic model can be used to describe
the trajectories [10], sometimes referred to as ‘random
uncorrelated motion’ [11].
These mechanisms for enhancement of the collision
rate have been illustrated by simulations on model flows
[11, 12]. There have also been investigations of the col-
lision rates in simulations of fully-developed turbulence,
which have provided quantitative information on prefer-
ential concentration and on the increase of the collision
velocity [13–15]. In this paper we report direct numerical
simulation (DNS) studies of the collision rate of parti-
cles in fully-developed three-dimensional turbulence, as
a function of both their size and density. This extended
parameter space allows us to separate the clustering and
the caustics/sling effect. We find that the caustics/sling
effect is the dominant mechanism leading to the enhanced
collision rate in turbulent flows, even when the effect of
particle inertia is expected to be relatively weak.
In the following paragraphs we discuss the clustering
and sling/caustics models for the collision rate, before
considering how these compare with our numerical re-
sults. We consider a monodisperse suspension of spheri-
cal particles, of radius a, made of material with density
ρp, suspended in an incompressible fluid of density ρf
and kinematic viscosity ν. The fluid, with velocity field
u(r, t), is in a statistically steady state of turbulent mo-
tion with rate of dissipation per unit mass equal to ǫ. We
consider a sufficiently dilute suspension, so the flow is not
significantly perturbed by the presence of the particles.
We assume that the particles obey the simple equation
of motion [16, 17]:
r˙ = v , v˙ =
1
τp
[u(r, t)− v] (1)
where
τp =
2
9
a2
ν
ρp
ρf
(2)
is the particle relaxation time, determined from Stokes
formula for the drag on a moving sphere. This equation of
motion is valid in the limit where the suspended particles
are very small and very dense: ρp/ρf ≫ 1.
In determining the motion of particles by using (1),
only one parameter is needed, namely the relaxation time
τp. This time scale should be compared to a time scale of
2the flow. To this end, we introduce the Stokes number,
as the ratio between τp and the characteristic time of
the flow at the smallest scale, the Kolmogorov time scale
τK ≡ (ν/ǫ)1/2:
St =
τp
τK
. (3)
The Stokes number parametrizes the effect of particle in-
ertia. For St≪ 1, particles are advected by the fluid, and
collisions are the result of shear. When St ≫ 1, the in-
ertia of the particles allows them to move relative to the
surrounding fluid. Note that St ∝ √ǫ, so that the inertial
effects become more important when the turbulent inten-
sity increases. In the range of droplet size most relevant
in the cloud microphysics context, 10µm . a . 20µm,
the Stokes number reaches at most values of the order
of St ∼ 0.3 [18]. In other applications, such as planet
formation [19], very large Stokes numbers are relevant.
We count a collision as occuring when the separation
of the centers of independently moving particles come
within 2a. The collision rate R, defined as the probability
per unit time for a given particle to collide with any of the
other particles, is proportional to the volume density of
the other particles, n0, to the cross sectional area (∝ a2)
and to some appropriate average of the relative velocity
for colliding particles, denoted by 〈w〉:
R = 4πn0(2a)
2〈w〉 . (4)
The expected total number of collisions in a closed sys-
tem of volume V is simply obtained by multiplying R
by n0V/2. We neglected the role of gravity, and of hy-
drodynamic interactions which may inhibit collisions by
trapping a lubricating layer between the particles. We
are concerned here with the collision rate for this slightly
simplified model. The objective is to describe the col-
lision rate determined from our DNS studies within the
framework of a parametrisation based upon recent theo-
retical insights.
In the limit St≪ 1 the collision rate is determined by
shearing motion, so that 〈w〉 ∼ (2a)/τK. Saffman and
Turner argued that
RST =
√
8π
15
n0(2a)
3
τK
. (5)
Their calculation includes all instances in which the sep-
aration radius decreases past 2a. In the case of collisions
where particles stick or coalesce on contact, we should
only count the first contact collisions. This effect should
be accounted for by introducing a factor f < 1 in (5).
We ignore these corrections which will be discussed in a
future publication, and simply set f = 1 here.
The enhancement of the collision rate, compared to the
prediction of (5), is expected to come from the particle
trajectories breaking away from the fluid as the Stokes
number increases. The effect termed preferential concen-
tration causes clustering of particles with finite values of
St. The density of particles at a distance r from a given
test particle is n0g(r), where g(r) is a radial correlation
function. The relative velocity is not affected by the pref-
erential concentration effect, so the collision rate due to
particles being advected into contact by shearing motion
is
Radv =
√
8π
15
n0(2a)
3
τK
g(2a) . (6)
At a fixed Stokes number, the function g(r) has a power-
law dependence upon r: g(r) ∝ rζ [20]. This reflects the
expectation that the suspended particles should sample
a fractal measure [21, 22]. The exponent is ζ = d −D2,
where D2 is the correlation dimension [23]. DNS results
indicate that for three dimensional turbulent flows, 2.3 ≤
D2 ≤ 3 [24].
In the limiting case where the turbulence intensity is
very high, an alternative approach to understanding the
effect of increasing the turbulence intensity was initiated
by Abrahamson [10] , who pointed out that a gas-kinetic
approach can be used to model the motion of the sus-
pended particles. In this limit the relative velocity due
to shearing motion induced by turbulence, which is of
order a/τK [4], is replaced by a much larger relative
velocity which characterises the relative motion of the
fluid at different positions. This relative velocity may
be parametrised by writing 〈w〉 ∼ uKF (St,Re), where
uK = (ǫν)
1/4 is the velocity at the Kolmogorov scale, F
depends on the Stokes number, and the Reynolds num-
ber, Re. The collision rate is, therefore,
Rsling =
n0a
2η
τK
F (St,Re) . (7)
The collision rate is the sum of contributions from colli-
sions between particles which lie on the same branch of
the phase-space manifold, giving rise to Radv, and colli-
sions between particles on different branches, giving rise
to Rsling:
R = Radv +Rsling (8)
This decomposition, proposed in earlier works [9, 12, 25],
rests on the assumption that the fraction of particles
which give rise to preferential concentration, collide with
a small relative velocity with respect to the fluid, whereas
another fraction, evenly distributed in the fluid, moves
with large relative velocity. The collisions due to these
particles is described by the term Rsling, with the ana-
lytic form in (7). When St→ 0, the collision rate is well
approximated by (5), but both terms can contribute to
an enhanced collision rate as St increases. The principal
question addressed by this paper is to determine which
contribution dominates as St increases.
It is possible to consider the asymptotic forms for the
function F (St,Re) in equation (7), in the limits of small
and large Stokes numbers. In the limit as St → 0, we
must have F (St,Re)→ 0, so that the limiting case (5) is
recovered from (8). Considerations of model systems (de-
scribed in [9]) suggest that F has non-analytic behaviour
3in this limit, such as F (St,Re) ∼ exp(−C/St), for some
constant C: this is consistent with numerical results with
the Navier-Stokes equations [26]. The asymptotic form
of the function F (St,Re) at large Stokes numbers has
been considered by several authors. Abrahamson’s the-
ory is not valid for fully-developed turbulence, because
it ignores the multiscale structure of the flow. A version
which correctly accounts for the multiscale structure of
turbulence was proposed by Vo¨lk et al. [27], using the
Kolmogorov model for the structure of the flow. This
theory suggests that F (St,∞) ∼ St1/2. A simpler and
more general argument was proposed in [28]: in the iner-
tial range, the relative velocity can only depend upon
ǫ and τp, so that dimensional analysis mandates that
〈w〉 ∼ √ǫτp. Substituting for τp, we have a rate of colli-
sion at high Stokes number which is of the form (7) with
F (St,∞) ∼ K√St, where K is a universal dimensionless
constant. We emphasise that, because the preferential
concentration effect is a consequence of nearby particles
experiencing a corrrelated strain-rate, this effect makes
no contribution to Rsling. Equation (7) accounts for col-
lisions between particles which have not experienced the
same local environment, and the factor g(2a) which oc-
curs in (6) is therefore absent from (7).
We investigated the collision rate R as a function
of both a and ρp/ρf . Our simulations used a pseudo-
spectral code, fully dealiased, with grid size 3843. The
flow is forced with a prescribed energy injection rate
ǫ [29]. The Taylor microscale Reynolds number achieved
in the steady state is Reλ = 130. Proper spatial resolu-
tion has been maintained, as can be judged from the
product kmaxη = 2, where η = (ν
3/ǫ)1/4 is the Kol-
mogorov scale, and kmax the largest wavenumber faith-
fully simulated. Particle trajectories were integrated by
using the Velocity Verlet algorithm [30] and resorting to
tri-cubic interpolation to evaluate the fluid velocity at
the position of the particle. We detected collisions by
using the algorithm described in [31]. Modifying the ra-
tio ρp/ρf at fixed value of the Stokes number is achieved
by varying in the collision detection algorithm the ra-
dius of the particles, a, according to (2),(3) (so that
a ∝ (ρp/ρf)−1/2). In the range of parameters consid-
ered, ρp/ρf > 250 and St ≤ 5, the particle radii are at
most ≈ η/3, which ensures that (1) provides a very good
description of the motion. We find that after a tran-
sient state of ≈ 5 eddy turnover times, the collision rate
becomes independent of time. The collision rates were
determined by recording at the minimum 1.3 × 104 col-
lisions when ρp/ρf = 10
3, accumulated (except in one
case) over & 10 eddy-turnover times.
The collision rate, R, determined numerically is plot-
ted in Fig. 1. As explained earlier, we do not distinguish
here between single and multiple collisions. In Fig. 1(a),
R is normalized by n0(2a)
2/τK and plotted as a function
of St. The Saffman-Turner prediction, (5), implies that
in the limit St → 0, the quantity RτK/(n0(2a)3) should
become independent of the ratio ρp/ρf . Our own numer-
ical results are only consistent with this prediction for
0 0.1 0.2 0.3 0.4 0.5
0
5
10
15
20
25
30
35
40
St
R
×
τ K
/[n
0 
(2a
)3 ]
ρP/ρf=250
ρP/ρf=1000
ρP/ρf=4000
(a)
0 1 2 3 4 5 6
0
5
10
15
20
St
R
×
τ K
/[n
0×
η×
(2a
)2 ]
 
 
ρP/ρf=4000
ρP/ρf=1000
ρP/ρf=250
(b)
FIG. 1. The collision rate R as a function of the Stokes num-
ber St and for the ratios of density ρp/ρf = 250, 10
3 and
4.103. The collision rate R is normalized by n0(2a)
3/τK (a),
and n0(2a)
2η/τK (b). The horizontal dashed line in (a) cor-
responds to the Saffman-Turner prediction.
small values of St. Fig. 1(b) shows that RτK/(n0a
2η) as
a function of the Stokes number, does not depend much
on ρp/ρf for values of St larger than & 0.3. This scaling
is consistent with the sling/caustics collision mechanism,
described by equation (7). We note that F (St,Re) de-
duced from Fig. 1(b) does not fit the asymptotic form
F (St,∞) = K
√
St for large values of St. We ascribe this
to the limited Reynolds number of our numerical simu-
lations.
A clear illustration of the transition from the regime
described by the Saffman-Turner prediction, (5), and the
sling dominated regime, (7), is provided by Fig. 2 which
shows the ratio between the values of R computed at
ρp/ρf = 4000 and 1000 (crosses) and ρp/ρf = 1000 and
250 (triangles). Whereas (5) predicts that these ratios
should be 1/8, (7) predicts rather a ratio of 1/4. Fig. 2
shows that the ratios are extremely close to 1/4 for St &
0.5, but approaches 1/8 for St . 0.3.
Fig. 3 shows the function g(2a), (which quantifies the
importance of preferential concentration) in our simula-
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FIG. 2. The ratio between the collision rates R correspond-
ing to ρp/ρf = 4000 and 1000 (crosses) and ρp/ρf = 1000 and
250 (triangles), illustrating the crossover between the sling
dominated regime for St & 0.5, and the regime described by
the Saffman-Turner theory for St . 0.2.
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FIG. 3. The function g that measures preferential concentra-
tion, computed for three values of a, corresponding to parti-
cles with a density ρp equal to 250ρf , 1000ρf and 4000ρf , as
indicated in the figures. The preferential concentration does
not play a significant role for St & 5
tions for the three different values of ρp/ρf . The strong
enhancement of the concentration at the surface of a par-
ticle is not sufficient to make the advective collision rate
(6) comparable to the sling collision rate, (7).
Further evidence for the importance of caustics comes
from considering the probability density, P (w|2a), of
the radial relative velocity between two particles, w ≡
δv · δr/|δr|, conditioned on the fact that the two parti-
cles collide ( |δr| = 2a and w ≤ 0). Fig. 4 shows the
cumulative PDF, C(|w|), and the contribution of parti-
cles of velocity w′ < |w| to the flux [13], CΦ(|w|):
C(|w|) =
∫ |w|
0
P (w′|2a) dw′
CΦ(|w|) =
∫ |w|
0
P (w′|2a) w′ dw′∫∞
0
P (w′|2a) w′ dw′ (9)
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FIG. 4. The cumulative distribution of radial velocities of
colliding particles, C(|w|) (dashed line), and the cumulative
distribution weighted by |w|, CΦ(|w|) (dashed-dotted line),
defined by Eq. (9). These describe the contribution to the
collision rate due to particle pairs colliding with relative ve-
locity less than |w|. While particles with a velocity larger than
uK are very few, they are responsible for a sizable fraction of
the collision rate. The data shown corresponds to St = 0.3;
uK × τK/(2a) ≈ 27, and ρp/ρf = 1000.
Even for values of the Stokes number as low as St = 0.3,
∼ 90% of all particle pairs have a relative velocity dif-
ference less than |w| . 8(2a)/τK, but contribute only to
∼ 37% of the collision rate. Fig. 4 therefore demonstrates
that the contribution of the sling term is the prevalent
effect responsible for the large increase of the collision
rate, even at moderate Stokes numbers.
An alternative decomposition, originally proposed
in [13], expresses the collision rate R as a product in
which the term g(2a), which describes the local concen-
tration enhancement around a particle, appears as an
overall factor:
R = 4π(2a)2g(2a)〈w〉eff (10)
This representation, which is exact for a suitable defi-
nition of 〈w〉eff , suggests that the preferential concentra-
tion and sling effects act together to enhance the collision
rate. Figure 1(b) demonstrates that if this parametrisa-
tion of the collision rate is used, then the dependence of
g(2a) upon ρp/ρf shown in figure 3 must be cancelled
(for St ≥ 0.5) by a reciprocal dependence of the collision
velocity, 〈w〉eff . In fact, previous measurements [15, 32]
of the dependence of g(r) and of the average velocity dif-
ference as a function of r suggest power law dependences,
the exponents being such that the product g(2a)〈w〉eff is
essentially constant for St & 0.5. Our equations (6), (7)
and (8) give a physically well-motivated theory which
explains the data, and provide an explanation for this
cancellation.
We conclude that in turbulent flows and at large values
of ρp/ρf (the case relevant to typical aerosols), the sling
effect provides the dominant mechanism for the dramat-
ically enhanced collision rate, for particles whose Stokes
number exceeds ∼ 0.3.
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